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TALL CARDINALS IN EXTENDER MODELS
GABRIEL FERNANDES∗ AND RALF SCHINDLER‡
ABSTRACT. We obtain a characterization of λ -tall cardinals in terms of the function o(α)
in extender models L[E] which have no inner model with a Woodin caridnal and L[E] |=
“ I am iterable”. This implies in the equivalence between tall cardinals and strong cardinals
in such extender models.
1. INTRODUCTION
Tall cardinals apperead in varying extents as hypothesis in the work ofWoodin and Gitik
but they were only named as a distinc type of large cardinals by Hamkins in [Ham09] where
Hamkins does a systematic study of this large cardinal concept. Also Apter in [Apt10],
[Apt13], [Apt16], [Apt], Apter and Gitik in [AG14] and Apter and Cummings in [AC19]
investigated tall cardinals.
Assuming that there is no inner model with a Woodin cardinal by [JS13] we can isolate
K , the core model, and then make sense of the following:
Definition 1.1. We say o(κ) = α if and only if α = otp({β | crit(EKβ ) = κ}) and O(κ) =
α if and only if α = sup{β | crit(EKβ ) = κ}.
Remark 1.2. In the cases we are interested in o(κ) we will have o(κ) = O(κ). See propo-
sition 2.5.
A special case of the results obtained by Gitik in [Git93] is the following:
Theorem 1.3. (Gitik) Suppose ¬0¶ and that κ is a measurable cardinal such that
2κ > µ > κ+
where µ is regular, then
o(κ)≥ µ
Our main result is theorem 1.5 which is an attempt of generalizing theorem 1.3 to larger
core models. Instead of the notion of a measurable cardinal κ with 2κ > µ we work with
a more general notion of µ-tall cardinal.
Definition 1.4. κ is a α-tall cardinal if and only if there is an elementary embedding
j : V → M where crit( j) = κ , Mκ ⊆M and j(κ) > α . We say that κ is a tall cardinal if
and only if κ is α-tall for every ordinal α .
∗The author is funded by the European Research Council (grant agreement ERC-2018-StG 802756) as a
postdoctoral fellow at Bar-Ilan University. The current paper is a revised chapter from the first author’s PhD
Thesis with the second author.
‡The author is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under
Germany’s Excellence Strategy EXC 2044 390685587, Mathematics Münster: Dynamics - Geometry - Structure.
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Note that in theorem 1.3 κ is µ-tall, so a natural question to ask is whether changing
¬0¶ for “There is no inner model with a Woodin cardinal” and “κ measurable with 2κ >
µ > κ+” for “κ is µ-tall for some regular µ > κ+” we still obtain o(κ) ≥ µ . It happens
that this is false, already by corollary 2.7 and theorem 2.10 in [Ham09] (see proposition
2.13 below ) if κ is measurable and sup{β < κ | o(β )> µ} = κ then κ is µ-tall. We can
ask whether this is the only exception, and if κ is µ-tall for some regular cardinal µ > κ+
implies that
K |= o(κ)≥ µ ∨
(
sup{ν < κ | o(ν)≥ µ}= κ & κ is a measurable cardinal
)
(1)
We do not know how to answer this question in this generality, we then shift to a very
restricted version of this question:
We keep the hypothesis that there is no inner model with a Woodin cardinal and we as-
sume thatV , the universe, is a L[E] model such L[E] |= “I am iterable”, and in this settings
we ask whether κ is µ-tall for some regular cardinal µ > κ+ implies (1).
We answer this last question positively in section 2 for many cases:
Theorem 1.5. Suppose that V = L[E], there is no inner model with a Woodin cardinal,
L[E] |= “I am iterable” and let κ , µ be regular cardinals in L[E]. Suppose further that if
µ = λ+ for some singular cardinal λ and c f (λ ) ≥ κ then c f (λ ) is not the critical point
of a total measure on L[E] indexed on E. Then
L[E] |= κ is µ-tall
if and only if
L[E] |= o(κ)> µ ∨
(
sup{ν < κ | o(ν)> µ}= κ & κ is a measurable cardinal
)
Remark 1.6. The direction (⇐) is due to Hamkins, see corollary 2.7 and theorem 2.10 in
[Ham09].
Remark 1.7. If κ is a regular cardinals such that o(κ) ∈ (λ ,λ+) where
L[E] |= c f (λ ) is a measurable cardinal
and L[E] |= c f (λ )≥ κ , then using arguments of section 2 in [Ham09] and the fact that if
U is a measure on c f (λ ) then piU(λ )> λ+, we can conclude that κ is λ+-tall. So we can
not drop the hypothesis on c f (λ ) in theorem 1.5.
Corollary 1.8. Suppose that V = L[E], there is no inner model with a Woodin cardinal,
L[E] |= “I am iterable”. Then
L[E] |= κ is a tall cardinal,
if and only if
L[E] |= κ is a strong cardinal or a measurable limit of strong cardinals.
Indexing: We use λ -indexing, also called Jensen indexing, so if M is a potential pre-
mouse, EMβ 6= /0 and N =Ult0(M
∗,EMβ ), then β = piEMβ
(crit(EMβ ))
+N .
Iteration trees: If T is an iteration tree on a premouse M , then we will write νTξ =
ν(ETξ ) where ν(E
T
ξ ) is the ordinal where E
T
ξ is indexed in the sequence E
M T
ξ of M Tξ .
We may some times omit the superscript T .
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2. EQUIVALENCE
We will need the following results:
Lemma 2.1 ( lemma 1.1 in [Sch02]). Let M = 〈JEα ,∈,E,F〉 be a 0-iterable premouse,
where F 6= /0 . Suppose that for no µ ≤M ∩OR do we have
J Mµ |= ZFC+ there is a Woodin cardinal.
Set κ = crit(F) and let ξ ∈ (κ ,ρ1(M )). Then there is some ν˜ ∈ (ξ ,ξ
+M ) and crit(Eν˜) =
crit(F). Moreover if ρ1(M )> crit(F)
+M , then (F |κ+)∗ is indexed on M .
Theorem 2.2 ( lemma 3.5 in [GSS02]). If there is no inner model with a Woodin cardinal,
K is the core model and κ ≥ ℵV2 is a K -cardinal, then for all sound iterable mouse M
such that M |κ = K |κ and ρω(M )≤ κ it holds that
M ⊳K
Theorem 2.3 (theorem 2.1 in [Sch06]). If there is no inner model with a Woodin cardinal
and j : V → M is an elementary embedding,M ω ⊆ M , P(R) ⊆ M 1, then there is an
iteration treeT onK V which does not drop along the main branch such thatM T∞ =K
M
and j|K = iT0,∞.
Definition 2.4. Suppose htere is no inner model with aWoodin cardinal. Given j :V −→M
an elementary embedding. Let T andU be the iteration trees obtained by comparingK V
and K M respectvely. Then we say that T is the iteration tree induced by j.
Proposition 2.5. Suppose there is no inner model with a Woodin cardinal and that κ < µ
are cardinals in K , the core model. Then
O(κ)> µ ←→ o(κ)> µ ,
moreover
O(κ) = µ ←→ o(κ) = µ
Proof. It is easy to see that o(κ)> µ implies O(κ)> µ . For the other direction we have
two cases. Suppose first that µ is a limit cardinal and O(κ)> µ we will verify that o(κ)>
µ . Consider 〈νη | η < c f (µ)〉 be a increasing continuous sequence of cardinals which is
cofinal in µ and such that each νη+1 is a regular cardinal and ν0 > κ .
For each η + 1< c f (µ) we will verify:
otp({β < νη+1 | crit(E
K
β ) = κ}) = νη+1
for that it is enough to verify that
sup({β < νη+1 | crit(E
K
β ) = κ}) = νη+1(2)
Let αη+1 > νη+1 be such that crit(EKαη+1) = κ . Let M = J
K
αη+1
, then ρ1(M )≥ νη+1.
Fix ξ < νη+1, by lemma 2.1 there is ξ˜ ∈ (ξ ,ξ+M ) such that crit(EMξ˜ ) = κ . Since ξ was
arbitrary the equality in (2) follows. Since (2) holds for every νη+1 with η < c f (µ) we
have
|{β < µ | crit(EKβ ) = κ}|= µ
1The hypothesis that P(R)⊆M is not necessary when we assume that there is no inner model with a Woodin
cardinal, we could omit it.
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which implies
o(κ)≥ µ
Since O(κ)> µ it follows that o(κ)> µ .
For the case where µ = θ+, we suppose O(κ) > µ , we fix α such that α > µ and
consider M = J Kα , then ρ1(M ) ≥ µ and give ξ ∈ (κ ,µ) by lemma 2.1 there is ξ˜ ∈
(ξ ,ξ+M ) such that crit(EM
ξ˜
)) = κ . Hence
sup({β < µ | crit(EKβ ) = κ}) = µ
which implies together with O(κ)> µ that o(κ)> µ .
For the moreover part, suppose o(κ) = µ , then O(κ)≤ µ , otherwise by the first part we
would have o(κ)> µ . Hence O(κ) = µ .
Suppose O(κ) = µ . If µ is a limit cardinal and consider 〈νη | η < c f (µ)〉 as above.
Then by the first part o(κ)> νη for each η < c f (µ). Hence o(κ)≥ µ and thus o(κ) = µ .
If µ = θ+ for some cardinal θ , then O(κ) = µ implies trivially o(κ) = µ because µ is a
regular cardinal.
Before we start proving lemmas 2.6, 2.9, 2.11 and 2.15, which later will be used to
prove theorem 1.5 we try to give a brief description of the proof of theorem 1.5 and how
these lemmas will be used.
The proof of theorem 1.5 goes by contradiction. We suppose that theorem 1.5 is false
for a cardinal κ which is λ -tall. So there is an ordinal µ < κ such that for all ξ ∈ (µ ,κ ]
we have o(ξ ) ≤ λ . Lemma 2.11 will give that there is a Θ ∈ (κ ,λ ] which is a cut point.
We fix j an elementary embedding which witness that κ is λ -tall and apply lemma 2.6 and
theorem 2.3 to find an iteration tree T on K such that j = piT0,lh(T )−1. The contradiction
comes from showing that λ < j(κ) = piT0,lh(T )−1(κ)≤ λ . For that we need to control where
κ gets mapped along the iteration tree T . Lemma 2.9 will tell us that T must be finite,
and by induction we keep track of how the cut point Θ provided by lemma 2.11 is moved
along the iteration. This will allow us to bound piT0,lh(T )−1(κ)≤ λ .
Lemma 2.6 (Steel). Suppose there is no inner model with a Woodin cardinal, L[E] = V
and L[E] |= “I am iterable”, then L[E] |= V = K .
Proof.
Claim 2.7. K |ℵ2 = L[E]|ℵ2
Proof. By our anti-large cardinal hypothesis we can build K L[E] which we will denote by
K . Because of acceptability and soundness there are cofinally many α < ω1 such that
ρω(L[E]|α) = ω . Fix such α < ω1, since L[E] |= “I am iterable” we can compare K and
L[E]|α . By a well known argument 2 L[E]|α ⊳K . Thus
K |ℵ1 = L[E]|ℵ1
2K is universal so the L[E]|α side does not drop, but ρω (L[E]|α) = ω implies that L[E]|α can not move
without dropping, so L[E]|α is an initial segment of the final model on the K side. It is actually a proper
initial segment because otherwise the final model on the K side is not sound and is equal to L[E]|α which is
sound. If some extender is used on the K side its index is a cardinal in the last model but it is collapsed by
L[E]|α = Hull
L[E]|α
ω (ω), so K also does not move.
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Again by acceptability and soundness there are unboundedly many α < ℵ2 such that
ρω(L[E]|α) = ω1. We fix some such α and compare K and L[E]|α . Note that there is no
extender Eβ indexed above ω1 such that crit(Eβ )< ω1, for crit(Eβ )< ω1 implies that
L[E]|β |= crit(Eβ ) is a cardinal(3)
while there is ξ < ω1 such that
L[E]|ξ |= crit(Eβ ) is countable
so β < ξ < ω1. Thus if there is an extender indexed above ω1 in L[E]|α , its critical point
must be ≥ ω1. Hence L[E]|α does not move in the comparison. We can conclude like in
the previous case that L[E]|α ⊳K .
Suppose κ is a singular cardinal and for every cardinal µ < κ we have L[E]|µ = K |µ ,
then L[E]|κ =K |κ . Now suppose κ ≥ℵ2 is a successor cardinal, say κ = µ+ andK |µ =
L[E]|µ . Then by theorem 2.2 for every α ∈ (µ ,κ) such that ρω(L[E]|α) ≤ µ we have
L[E]|α ⊳K . Thus K |κ = L[E]|κ .
Then L[E] = K .
Definition 2.8. We define the following hypothesis:
(∆)←→
((
there is no inner model with a Woodin cardinal
)
&(
V = L[E]
)
&
(
L[E] |= “I am iterable”
))
Lemma 2.9. Assume (∆). If j : L[E] −→M is a witness to the α-tallness of κ , and T is
the iteration tree induced by j, then T is finite
Proof. Note that it makes sense to say that T is the tree induce by j because we are
in the hypothesis of theorem 2.3. We also have piT0,∞ = j since, by lemma 2.6, V = K .
There is a first order formula that express x ∈ K , then L[E] |= ∀x(x ∈ K ) implies that
M |= ∀x(x ∈K ) so M = K M = M T∞ .
Suppose that lh(T ) ≥ ω + 1 and that b is the cofinal branch on ω such that M Tω =
dirlimn∈(b\n0)M
T
n for some large enough n0 ∈ ω . Consider 〈κn | n ∈ ω ∩b〉 where
∀n ∈ (b \ n0)
(
κn = crit(pi
T
n,ω)
)
where n0 is large enough such that piTn,ω is defined and κn = /0 for n ∈ n0∩b.
Let us verify that 〈κn | n∈ω∩b〉 6∈M Tω . For a contradiction suppose 〈κn | n∈ω∩b〉 ∈
M Tω , then there is m ∈ ω ∩b and x ∈M
T
m such that
piTm,ω(x) = 〈κn | n ∈ ω ∩b〉
and then
crit(piTm,ω) = pi
T
m,ω(x)(m) ∈ ran(pi
T
m,ω)
This is a contradiction so 〈κn | n ∈ ω ∩b〉 6∈M Tω .
Below we will get a contradiction to our assumption that lh(T ) ≥ ω + 1 by verifying
that 〈κn | n ∈ ω ∩b〉 ∈M Tω .
If lh(T ) = ω + 1, the sequence 〈κn | n ∈ b∩ω〉 ∈M = M T∞ because M is κ-closed
and we are done in this case.
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Subclaim 2.10. Suppose T is not finite and has length > ω + 1. Then 〈κn | n ∈ ω ∩b〉 ∈
M Tω
Proof. The normality of T implies the following,
supn∈ωκn ≤ sup{ν
T
m | m+ 1∈ (ω ∩b)}
(∗)
≤ νTω(4)
By the agreement of the models along a normal iteration tree and acceptability it will follow
that νTω is a successor cardinal in M
T
ω+1 and sup{ν
T
m |m+1 ∈ (ω ∩b)} is a limit cardinal
inM Tω+1, then the strict inequality holds in (*) (4). Write ν
∗ := sup{νTm |m+1∈ (ω∩b)},
then
{κn | n ∈ ω} ⊆ supn∈ωκn < (ν
∗)+M
T
ω+1 ≤ νTω(5)
Then
M Tω+1|ν
T
ω+1 |= supn∈ωκn < (ν
∗)+ ≤ νTω(6)
Since
M Tω+1|ν
T
ω+1 = M∞|ν
T
ω+1 = M
T
ω |ν
T
ω ,
by (6) and 〈κn | n ∈ b∩ω〉 ∈M T∞ we have 〈κn | n ∈ b∩ω〉 ∈M
T
∞ |ν
T
ω . We also have
M Tω+1|ν
T
ω = M∞|ν
T
ω = M
T
ω |ν
T
ω
thus
〈κn | n ∈ ω ∩b〉 ∈M
T
ω(7)
Lemma 2.11. Assume (∆). Suppose that o(κ)≤ λ for some cardinal λ and {β < κ | o(β )>
λ} is bounded in κ . Let
µ = sup{ ϑ < κ | O(ϑ)> λ }.(8)
and
Θ = sup{ O(α)+ 1 | µ < α ≤ κ } ≤ λ(9)
Then there is no η ∈ (κ ,Θ] such that O(η)> Θ.
Proof. Suppose otherwise. Let E
L[E]
β
be such that β > Θ and η := crit(E
L[E]
β
) ∈ (µ ,Θ] and
denote by M ∗ the largest initial segment of L[E] where we can apply E
L[E]
β .
Case 1: η = Θ. In this case η =Θ is a limit ordinal. Then by Σ0-elementarity it follows
that pi(Θ) is a limit ordinal and a limit of indexes of extenders with critical points in the
interval (µ ,κ ], more precisely:
L[E] |= ∀γ < Θ(∃γ ′ < Θ(γ < γ ′ &E
L[E]
γ ′ 6= /0 &crit(E
L[E]
γ ) ∈ (µ ,κ ]))︸ ︷︷ ︸
ϕ(Θ,µ,κ)
,
and
M ∗ |= ∀γ < Θ(∃γ ′ < Θ(γ < γ ′ &E
L[E]
γ ′ 6= /0 &crit(E
L[E]
γ ) ∈ (µ ,κ ]))︸ ︷︷ ︸
ϕ(Θ,µ,κ)
,
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ν(E
L[E]
β
)
η = Θ η = Θ
pi
E
L[E]
β
(η) = λ(E
L[E]
β
)
κ κ
µ µ
FIGURE 1. Case 1
then
Ult0(M
∗
,E
L[E]
β
) |= ϕ(pi
E
L[E]
β
(Θ), µ ,︸︷︷︸
=pi
E
L[E]
β
(µ)
, κ︸︷︷︸
=pi
E
L[E]
β
(κ)
).
Using coherence of E
L[E]
β
we find extenders that contradict the definition of Θ.
Case 2 i) η < Θ & λ (E
L[E]
β )≤ Θ. Then
pi
E
L[E]
β
(Θ)≥ pi
E
L[E]
β
(λ (E
L[E]
β ))> ν(E
L[E]
β )
and by Σ0-elementarity there is a γ ∈ (ν,pi
E
L[E]
β
(Θ)) such that E
Ult0(M
∗
,E
L[E]
β
)
γ 6= /0 and
crit(E
Ult0(M
∗,E
L[E]
β
)
γ ) ∈ (µ ,κ ]
Since
Ult0(M
∗
,E
L[E]
β
) |= ν(E
L[E]
β
) is a cardinal(10)
it follows that
ρ1(J
Ult0(M
∗
,E
L[E]
β
)
γ )≥ ν(E
L[E]
β
)(11)
for any γ ∈ (ν(E
L[E]
β ),piEL[E]
β
(Θ)). Since
ρ1(J
Ult0(M
∗
,E
L[E]
β
)
γ )≥ ν(E
L[E]
β
)≥ Θ
+Ult0(M
∗,E
L[E]
β
)
> Θ
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ν(E
L[E]
β
)
Θ
η
Θ+ ≤ ν(E
L[E]
β
)≤ ρ1(J
Ult0(M
∗ ,E
L[E]
β
)
γ )
γ
λ(E
L[E]
β
) = pi
E
L[E]
β
(η)≤Θ
κ κ
µ µ
pi
E
L[E]
β
(Θ)
FIGURE 2. Case 2 i)
it follows by lemma 2.1 that there is γ ′ ∈ (Θ,Θ
+Ult0(M
∗
,E
L[E]
β
)
) such that
E
Ult0(M
∗,E
L[E]
β
)
γ ′ 6= /0
and
crit(E
Ult0(M
∗
,E
L[E]
β
)
γ ′ ) = crit(E
Ult0(M
∗
,E
L[E]
β
)
γ )(12)
As Θ
+Ult0(M
∗,E
L[E]
β
)
≤ ν(E
L[E]
β ) this extender is in the L[E] sequence by coherence, which
contradicts the definition of Θ.
Case 2 ii) λ (E
L[E]
β )> Θ: In this case piEL[E]
β
(Θ)> λ (E
L[E]
β )>Θ. Then for all γ such that
γ ∈ (λ (E
L[E]
β
),pi
E
L[E]
β
(Θ))
we have
ρ1(J
Ult0(M
∗,E
L[E]
β
)
γ )≥ λ (E
L[E]
β
)> Θ(13)
Then as in case 2i) we can find an extender in the L[E] sequence indexed between
(Θ,λ (E
L[E]
β
)) contradicting the definition of Θ.
Definition 2.12. Let µ be an ordinal and κ be a cardinal, κ is a µ-strong cardinal if and
only if there is an elementary embedding j :V −→M such that crit( j) = κ and Vµ ⊆M.
The next proposition will be used later but it also serves as a warm up for theorem 1.5.
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ν(E
L[E]
β
)
Θ Θ
η
γ
λ(E
L[E]
β
) = pi
E
L[E]
β
(η)> Θ
κ κ
µ µ
pi
E
L[E]
β
(Θ)
FIGURE 3. Case 2 ii)
Proposition 2.13. Assume (∆). If µ is a cardinal and
L[E] |= κ is µ-strong
then
L[E] = K |= o(κ)> µ
Proof. Let j : L[E]→ M witness that κ is µ-strong. Because c f (µ) > κ we can assume
that Mκ ⊆M and we can apply theorem 2.3 and consider T the tree induced by j. Let us
verify that νT0 > µ . Suppose not then ν
T
0 ≤ µ and since we do not index extenders on
cardinals it follows that ν0 < µ . We have
(L[E]|µ) |= c f (ν0)≤ (crit(E
T
0 )
+L[E]|ν0)< ν0 < µ
while
M Tlh(T )−1 =M |= ν
T
0 is regular cardinal.
which contradicts
M|µ = M Tlh(T )−1|µ ⊇V
L[E]
µ ⊇ L[E]|µ .
Then νT0 > µ . Let E
T
α be the first extender applied in M
T
0 that leads to the second model
on the main branch. If α = 0, then crit(ET0 ) = κ which implies o(κ)> µ . Suppose α > 0,
then we have νTα > ν
T
0 and crit(E
T
α ) = κ . We have that
M Tα |= ν
T
0 is as successor cardinal
thus for all γ ∈ (νT0 ,α) we have
ρ1(M
T
α |γ)≥ ν
T
0
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Hence by lemma 2.1 it follows that there is γ˜ ∈ (µ ,νT0 ) such thatE
M Tα
γ˜
6= /0 and crit(E
M Tα
γ˜
)=
κ . Since
M Tα |ν
T
0 = M
T
0 |ν
T
0
it follows that E
M Tα
γ˜
= E
M T0
γ˜
which implies that o(κ)> µ .
For the moreover part, notice that if µ
Definition 2.14. Let T be iteration tree on a mouse M of length < µ and Θ an ordinal
such that Θ ≤ µ . We say that θ tracks Θ along T if and only if θ is a partial function θ :
T →OR such that θ0=Θ, and if α ∈T is a successor ordinal and θβ is defined for all β ∈
[0,η ]T where η := predT (α) and θη ∈ (M Tα )
∗ we define θα = (pi
T
α )
∗
α(θη ) where (pi
T
α )
∗ :
(M Tα )
∗→Ultnα ((M
T
α )
∗,ETα ), otherwise we left it undefined for the successor case. If α
is a limit ordinal and θβ is defined for all β ∈ [0,α]T then we define θα = pi
T
β ,α(θβ ) where
β is the least ordinal such that piTβ ,α is defined, otherwise we let θα undefined.
Lemma 2.15. Let µ be a regular cardinal and κ < µ an ordinal. Suppose that if µ = λ+
for some singular cardinal λ then κ ,µ and λ satisfy:
(*) If c f (λ )≥ κ then c f (λ ) is not the critical point of a total measure on L[E] indexed on
E.
Then for any Θ ≤ µ and θ : T → OR that tracks Θ along T where T is an iteration
tree on L[E]|µ such that
(1) lh(T )< µ ,
(2) the critical point of all extenders used on T are ≥ κ
the following hold:
(1) (Proposition 4.8 in [JS13]) M Tα ∩OR≤ µ for all α < lh(T ) and
(2) for all β ∈ T such that θβ is defined, it follows that θβ ≤ µ .
Proof. The condition (a) is proposition 4.8 in [JS13], we only verify condition (b). If
θ0 = Θ < µ then (b) follows from (a), so we only need to verify it for the case θ0 = µ ,
which is equivalent to verify that θβ = µ whenever θβ is defined. Using (a) all we need to
verify is that for every β ∈ T if θβ is defined then (pi
T
β )
∗ is continuous at µ = θη where
η = predT (β ). We will verify it by induction.
Let β = 0, θ0 = µ is defined, suppose that θ1 = (piT1 )
∗(θ0) is also defined. Since µ is a
cardinal in L[E], T lives on L[E]|µ and µ ∈M ∗1 , it follows that E
T
0 is a total extender on
L[E]. Let
[a, f ]ET0
∈ piT0,1(µ)
since crit(ET0 ) < µ and µ is a regular cardinal, we have that ran( f ) is bounded in µ and
thus there is a ξ < µ such that
[a, f ]
ET0
∈ piT0,1(ξ )
Hence
piT0,1(µ) = supξ∈µpi
T
0,1(ξ )
By lemma 2.15
supξ∈µpi
T
0,1(ξ )≤ µ
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which gives
piT0,1(µ) = µ .
The general successor step β + 1 is similar to 0 case, we carry the induction hypothesis
that whenever θβ is defined then D
T ∩ [0,β ]T = /0. If θβ+1 is defined, then θβ ∗ is defined
and M Tβ ∗ is a class sized model by the induction hypothesis. Since we are assuming we
are in the hypothesis of lemma 2.15 we have νTβ ∈ µ and then crit(E
T
β ) < µ . Since
µ = θβ ∗ ∈ (M
T
β+1)
∗, M Tβ ∗ is class sized and µ is a cardinal, it follows that β + 1 6∈ D
T .
Now the computations for the case β + 1 can be done exactly as in case 0.
If β ∈T is a limit ordinal and θβ is defined, then given
x ∈ θβ
there are β ∈ [0,β )T and x ∈M Tβ such that
piT
β ,β
(x) = x ∈ θβ = pi
T
β ,β
(θβ )
let ξ ∈ (x,θβ ) = (x,µ) then
piT
β ,β
(x)< piT
β ,β
(ξ )< piT
β ,β
(θβ ) = θβ
and by lemma 2.15
supξ∈µpi
T
β ,β
(ξ )≤ µ .
Hence
θβ = µ

Remark 2.16. For example L[E]|λ++ always satisfies the hypothesis of lemma 2.15.
Lemma 2.17 (lemma 2.3 in [Ham09]). If V = L[E] and there is j : L[E] −→ M where
κM ⊆M and j(κ)≥ θ , then
L[E] |= κ is θ -tall.
Proof sketch. By elementarity of j it follows that j(κ) is measurable inM, letU ∈M be a
total measure onM with crit(U) = j(κ) and i the ultrapower embedding fromU , then i◦ j
witness that κ is θ -tall. 
Proposition 2.18 (theorem 2.10 in [Ham09]). If µ is a cardinal, c f (µ) > κ and L[E] |=
o(κ)> µ then L[E] |= κ is µ-tall.
Proposition 2.19 (corollary 2.7 in [Ham09]). If µ > κ is a cardinal, c f (µ)> κ and
L[E] |= κ is a measurable cardinal & sup{α < κ | o(α)> µ}= κ ,
then L[E] |= κ is µ-tall. Moreover
L[E] |= κ is a measurable cardinal & sup{α < κ | α is a strong cardinal }= κ ,
implies
L[E] |= κ is a tall cardinal
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Remark 2.20. The fact that the following lemma holds under much weaker hypothesis is a
theorem due Schlutzenberg obtained in his Ph.d thesis [Sch13]. Here we are working with
the hypothesis that (∆) holds which makes it easy to verify the lemma, so we provide a
proof for this case.
Lemma 2.21. Assume (∆). Suppose L[E] |= κ is a measurable cardinal, then there is an
ordinal β such that Eβ is a total measure on L[E] with critical point κ .
Proof. Let j : L[E]−→Ult(L[E],U)whereU is a total measure on κ . Then κUlt(L[E],U)⊆
Ult(L[E],U) and theorem 2.3 and lemma 2.6 and we obtain that j = iT for some iteration
tree on L[E] such that there is on drop along the main branch b of T . Let us verify the
following:
∀α ∈ lh(T )(crit(ETα )≥ κ)(14)
Suppose for a contradiction that crit(ETα )< κ : We have from the continuity of piETα at
crit(ETα )
+J
MTα
νTα that
(κ ≥ crit(ETα )
+J
MTα
νTα ) ≥ c f (νTα )
M Tα )L[E]
and
∀β > α(M Tβ |= ν
T
β is a regular cardinal).
in particular
M = M Tlh(T )−1 |= ν
T
β is a regular cardinal.
Then
(M T∞ )
κ 6⊆M T∞ =M,
which is a contradiction. Thus (14) holds.
Since crit(iT ) = κ and T is normal it follows that ETα the first extender used on the
main branch has critical point κ . If α = 0 by lemma 2.1 (ET0 |κ
+L[E])∗ is indexed on L[E]
and we are done, so suppose we are in the case α > 0. Since there is no drop along b and
M Tα |= κ
+
< νT0
it follows that νT0 > κ
+L[E], as otherwise
κ+M
T
α < κ+L[E]
which would imply that α ∈ DT .
Let β ∈ T be the least extender used on the branch [0,α]T . Since ν
T
β ≥ ν0(E
T
0 ) >
κ+, it follows that ρ1(M Tβ+1)
∗) ≥ κ+. Using (14) we have by an easy induction that
ρ1(M
T
α ) > κ
+L[E]. Then by lemma 2.1 we can find E
M Tα
γ with crit(E
M Tα
γ ) = κ and
γ ∈ (κ+L[E],ρ1(M
T
α )). Since T is normal, E
M Tα
γ = E
L[E]
γ and (Eγ |κ
+L[E])∗ is indexed in
L[E]. 
Theorem 2.22. 1.1.4 Assume (∆). Suppose that µ is a regular cardinal and if µ = λ+
for some singular cardinal λ and c f (λ )≥ κ then c f (λ ) is not the critical point of a total
measure on L[E] indexed on E. Then L[E] |= κ is µ-tall if and only if
L[E] |= (o(κ)> µ) ∨ ( κ is a measurable and κ = sup{α < κ | o(α)> µ}).
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Proof. (⇐) It follows from 2.18 and 2.19.
(⇒) We have that κ is measurable and by 2.21 there is a total measure indexed on E with
index κ .
Suppose that o(κ) ≤ µ and κ > sup({α < κ | o(α) > µ}). Then if β ∗ := sup({β <
κ |o(β )> µ})< κ by 2.5
β ∗ := sup({β < κ |O(β )> µ})
and
sup({O(β ) | β ∗ < β < κ}) =: Θ≤ µ
Let j : V → M witness the µ-tallness of κ and by 2.3 we can consider T the iteration
induced by j on K and by 2.6 K = L[E] = MT0 . Notice that M
T
∞ = K
M = M and
piT0,lh(T )−1 = j. Let us verify the following:
∀n ∈ lh(T )(crit(ETn )≥ κ)(15)
Suppose for a contradiction that crit(ETn )< κ : We have from the continuity of piETn at
crit(ETn )
+J
MTn
νTn that
(κ ≥ crit(ETn )
+J
MTn
νTn ≥ c f (νTn )
M Tn )L[E]
and
∀m> n(M Tm |= ν
T
n is a regular cardinal).
in particular
M = M Tlh(T )−1 |= ν
T
n is a regular cardinal.
Then
(M T∞ )
κ 6⊆M T∞ =M,
which is a contradiction. Thus (15) holds.
Consider a partial function θ : T → OR defined as in lemma 2.15 with θ0 = Θ, by 2.9
T is finite, and by (15) all extenders have critical point≥ κ so if we manage to prove that
T lives in L[E]|µ this will imply by lemma 2.15 that
j(κ) = piT0,lh(T )−1(κ)≤ θlh(T )−1 ≤ µ
and we will reach a contradiction.
Let b be the main branch of T . We know by theorem 2.3 that there is no drop along b
so we can define:
t0 = min
(
{m ∈ b | piTm,lh(T )−1(pi
T
0,m(κ)) = pi0,m(κ)}∪{lh(T )− 1}
)
Note t0 is the least ordinal in b where pi0,t0(κ) = pi0,m for allm≥ t0. Now we start verifying
that T |(t0+ 1) lives in L[E]|µ .
Claim 2.23. For all n ∈ T |(t0+ 1), ν
T |(t0+1)
n ≤ θn and θn ≤ µ or θn is not defined (so
T |(t0+ 1) lives in L[E]|µ)
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Proof. We prove this by induction on n ≤ t0, and to simplify notation we assume t0 =
lh(T )− 1 and we write T instead of T |(t0+ 1).
For n=0 we will verify that it is not the case that νT0 > θ & crit(E
T
0 ) > θ0. We will
check by induction that
∀k> 0 M Tk |= ∄γ > θ0
(
E
M Tk
γ 6= /0 & crit(E
M Tk
γ ) ∈ (µ ,θ0)
)
(16)
Before starting the induction, note that from (16) plus (15) and normality we will get that
crit(ETk )> θ0 for all k ∈ lh(T ) so θ0 and κ will be fixed by the iteration maps. This will
be a contradiction, because this implies
piT0,∞(κ) = κ ≤ µ .
Suppose it holds for k and let us verify it for k+ 1. By the normality of T we have
νTk > ν
T
0 > θ0. By induction the following holds for k :
M Tk |= ∄γ > θ0(E
M Tk
γ 6= /0 & crit(E
M Tk
γ ) ∈ (µ ,θ0)).
Then crit(ETk )> θ0 or crit(E
T
k )≤ µ , but the last case is ruled out by (15) so crit(E
T
k )>
θ0. We have ηTk+1 > crit(E
T
k ) and by induction hypothesis
M T(k+1)∗ |= ∄γ > θ0
(
E
M T
(k+1)∗
γ 6= /0 & crit(E
M T
(k+1)∗
γ ) ∈ (µ ,θ0)
)
so the following holds:
(M Tk+1)
∗ |= ∄γ > θ0
(
E
(M Tk+1)
∗
γ 6= /0 & crit(E
(M Tk+1)
∗
γ ) ∈ (µ ,θ0)
)
Thus by Σ1-elementarity we have
M Tk+1 |= ∄γ > θ0
(
E
M Tk+1
γ 6= /0 & crit(E
M Tk+1
γ ) ∈ (µ ,θ0)
)
and this verifies.
For n= 0 claim lemma 2.11 excludes the case νT0 > θ and κ0 ∈ [µ ,θ ]. Then, we must
have
νT0 ≤ Θ = θ0 ≤ µ
So T |1 lives in L[E]|µ . If pi0,1(θ0) is defined, we have by lemma 2.15 that
θ1 = pi
T
0,1(θ0)≤ µ
This verifies case n= 0.
Case n= k+ 1, a): θk+1 is not defined. ThenT |(k+2) lives in L[E]|µ since by induc-
tion hypothesis T |(k+ 1) and T |((k+ 2)∗+ 1) live in L[E]|µ and θ(k+1)∗ is not defined
or ηTk+1 < θ(k+1)∗ .
Case n= k+ 1, b): θk+1 is defined. Suppose ν
T
k+1 > θk+1. Using claim lemma2.11 we
can verify by induction that 3
M Tk+1 |= ∄ν > θk+1 (E
M Tk+1
ν 6= /0 & crit(E
M Tk
ν ) ∈ (µ ,θk+1)).(17)
We have by induction that T |(k+ 1) lives in L[E]|µ then by lemma 2.15
(piT(k+1))
∗(θ(k+1)∗) = θk+1 ≤ µ(18)
3We use induction like in case n = 0, there may be drops in model along [0,k+ 1]T but by hypothesis θm is
defined for all m ∈ [0,k+1]T
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We will verify that
νTk < θ
T
k+1.(19)
We have by induction that
νT(k+1)∗ ≤ θ(k+1)∗
and
crit(ETk )< crit(E
T
k )
+M T
(k+1)∗ < νT(k+1)∗ < θ(k+1)∗
which implies the following desired inequality:
θk+1 = pi
T
(k+1)∗,k+1(θ(k+1)∗)
≥
piT(k+1)∗,k+1(ν
T
(k+1)∗)> pi
T
(k+1)∗,k+1(crit(E
T
k )
+M Tk+1) = νTk .
We will verify by induction, similar to what we did in case n=0, that k+1< γ implies :
(20)
k+ 1<T γ
&
M Tγ |= ∄γ > θk+1 (E
M Tγ
γ 6= /0 & crit(Eγ) ∈ (µ ,θk+1))
Suppose this holds for all l such that k+ 1< l ≤ m, let us verify it for m+ 1:
By normality νTm > ν
T
0 . By induction hypothesis or 17 we have only two cases:
crit(ETm )≤ µ or crit(E
T
m )> θk+1. The first case is excluded by (15). Let us deal with the
case crit(ETm )> θk+1. By (19)
crit(ETm )> θk+1 −→ crit(E
T
m )> ν
T
k
which implies that
k+ 1≤ i= (m+ 1)∗.
Then by induction hypothesis or (17) we have that
M Ti |= ∄γ > θk+1 (E
M Ti
γ 6= /0 & crit(E
M Ti
γ ) ∈ (µ ,θk+1) )
and consequently
(M(m+1)∗)
T |= ∄γ > θk+1 (E
(M(m+1)∗ )
T
γ 6= /0 & crit(E
(M(m+1)∗ )
T
γ ) ∈ (µ ,θk+1) )
and by Σ1-elementarity we have
M Tm+1 |= ∄γ > θk+1 (E
M Tm+1
γ 6= /0 & crit(E
M Tm+1
γ ) ∈ (µ ,θk+1) )
and since k+ 1≤T i it follows that
k+ 1<T m+ 1.
This concludes the induction and verifies (20).
It follows that k+ 1 ∈ [0, lh(T )− 1]T , so piT0,k is defined and
κ < θ0 = Θ−→ pi
T
0,k+1(κ)< pi
T
0,k+1(θ0) = θk+1(21)
By (20)
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piTk+1,lh(T )−1|θk+1 = id|θk+1(22)
Hence (21), (22) and (18) give
piT0,lh(T )−1(κ) = pi
T
k+1,lh(T )−1 ◦pi
T
0,k+1(κ) = id ◦pi
T
0,k+1(κ)≤ µ
which is a contradiction.
Then it must hold that νTk+1 ∈ (µ ,θk+1]. So T |k+ 2 lives in L[E]|µ .
This verifies the case n= k+ 1.

From 2.23 it follows that piT0,∞(κ)≤ µ which is a contradiction. 
Definition 2.24. (Hamkins) A cardinal κ is<α-tall if and only if for all β <α κ is β -tall.
Corollary 2.25. Assume (∆). Suppose
L[E] |= α is a limit cardinal and c f (α) > κ
Then
L[E] |= κ is < α-tall
if and only if
L[E] |=
(
o(κ)≥ α
)
∨(
κ is a measurable cardinal and κ = sup{β < κ | o(β )≥ α}
)
Proof. (⇐) It follows from 2.18 and 2.19. (⇒) Let 〈µξ | ξ < c f (α)〉 be a cofinal sequence
in α . Note that for µ = µ++
ξ
we are in hypothesis of theorem 1.5. If for each µ++
ξ
> κ
we always obtain o(κ)> µ++
ξ
then o(κ)≥ α and we are done. So suppose this is not the
case and o(κ)< α , then we need to find B⊆ κ such that B is cofinal in κ and for all β ∈ B
we have o(β )≥ α . Fix ξ < c f (α) such that µ++
ξ
> o(κ) and apply theorem 1.5 for µ++
ξ
.
This gives B⊆ κ cofinal such that for all β ∈ B we have o(β )> µ++
ξ
.
For each ξ < c f (α), let
Bξ = {β < κ | o(β )> µ
++
ξ
}
Then 〈Bξ | ξ < c f (α)〉 is a sequence of cofinal subsets of κ such that
∀ξ
(
ξ < ζ < c f (α) −→ Bζ ( Bξ
)
This is a contradiction since c f (α)> κ .
Corollary 2.26. 1.1.5 Assume (∆).
L[E] |= κ is tall
if and only if
L[E] |= κ is a strong cardinal or a measurable limit of strong cardinals.
Question 2.27. If V |= “κ is λ -tall” and there is no inner model with a Woodin cardinal,
does it imply that
K |=
(
o(κ)> λ ∨ ( κ is measurable and κ = sup{µ < κ | o(µ)> λ})
)
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